Hasse invariants and anomalous primes for elliptic curves with complex multiplication  by Olson, Loren D
JOURNAL OF NUMBER THEORY 8, 397-414 (1976) 
Hasse Invariants and Anomalous Primes for Elliptic Curves 
with Complex Multiplication 
LOREN D. OLSON* 
Matematisk Institutt, Uhersitetet i Oslo, Blindern, Oslo 3, Norwayi 
Communicated by P. Swinnerton-Dyer 
Received August 1, 1973 
Let C be an elliptic curve defined over Q. Let p be a prime where C has good 
reduction. By detinition, p is anomalous for C if the Hasse invariant at p is 
congruent to 1 modulo p. The phenomenon of anomalous primes has been 
shown by Mazur to be of great interest in the study of rational points in towers 
of number fields. This paper is devoted to discussing the Hasse invariants and 
the anomalous primes of elliptic curves admitting complex multiplication. 
The two special cases Y2 = Xs + aJ and Y2 = X3 + a, are studied at con- 
siderable length. As corollaries, some results in elementary number theory 
concerning the residue classes of the binomial coefficients (a;) (resp. (si)) modulo 
a prime p = 4n + 1 (resp. p = 6n + 1) are obtained. It is shown that certain 
classes of elliptic curves admitting complex multiplication do not have any 
anomalous primes and that others admit only very few anomalous primes. 
The purpose of this article is to examine the Hasse invariants of certain 
elliptic curves defined over Q admitting complex multiplication. This was 
motivated by a desire to understand some of Mazur’s results [7] on 
anomalous primes. In particular, we study curves of the form 
Y2 = X3 + a,X and Y2 = X3 + a6 in detail. Deuring’s formula for the 
Hasse invariant takes on a particularly simple form in these two cases. By 
combining this fact with some standard facts in the theory of complex 
multiplication, one can obtain information about the Hasse invariant. By 
considering special cases of these classes of curves, we obtain a number of 
results in elementary number theory concerning certain binomial coeffi- 
cients. For all elliptic curves C defined over Q with field of complex 
multiplication Q(Pz~/~), m < 0 and square-free and m = 1 (mod 4), we 
show that the anomalous primes for C must be members of the quadratic 
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progression [(-mf”) t2 + 1]/4, wherefis the conductor of End(C) in the 
ring of integers in Q(m112). As corollaries we obtain specific results for 
certain curves, e.g., if f = 2, then C has no anomalous primes. 
The first section of this paper establishes notation and underlying 
assumptions and collects together several well-known results and their 
consequences, which we shall use throughout the succeeding sections. 
Next we discuss the curves Y2 = Xs + a&, and in the third section we 
consider the curves Y2 = X3 + a,. The final section is devoted to the 
general phenomenon of anomalous primes for elliptic curves admitting 
complex multiplication. 
1. SOME CLASSICAL RESULTS AND THEIR CONSEQUENCES 
Let C be an elliptic curve defined over Q, i.e., a nonsingular complete 
curve of genus 1 defined over Q possessing a Q-rational point e. Any such 
curve has a Weierstrass model given by an affine equation of the form 
Y2+u,XY+u,Y=X3+Q2X2+a,X+a,, 
where ai E Z. In projective space the curve is defined by 
(1.1) 
y2z + a,xyz + a,yza = x3 + U2X2Z + upxz2 + a,z3. (1.2) 
The unit element for the group law on C is the Q-rational point e = 
(0, 1, 0) and 2 = -X/Y is a uniformizing parameter at e. If we expand 
the invariant differential w = dX/(2Y + a,X + u3) in terms of 2, we 
obtain 
with C, EZ. 
(o/dZ) = co + CJ + c&z? + * . . (1.3) 
Recall that if C has good reduction at a prime p, then the coefficient 
C,-, of Z”-l regarded module p is the Hasse invariant of C at p. Over any 
field of characteristic # 2 or 3, one may assume that C is given by the 
affine equation 
Y2 = x3 + U‘J + a, , (1.4) 
i.e., that a, = a2 = a, = 0. In this case, a classical result of Deuring [2] 
gives an explicit formula for the Hasse invariant of C in terms of a, and 
a6 . 
THEOREM 1.1 (Deuring). Let C be un elliptic curve de$ned over Q 
given by the afirte equation Y2 = X3 + a,X + a8 with a,, a, E Z. Let 
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p > 5 be a prime where C has good reduction. Let P = ($)(p - 1). Then 
the Hasse invariant of C at p is given by 
C,-, = C (P!/i!h!(P - h - i)!) aqlLaSi (modp). (1.5) 
i>O.h>O 
2&+3&P 
A proof may be found either in Deuring [2] or Manin [6]. 
Let p be a prime where C has good reduction. Then the zeta-function of 
C over Z/p has the form 
z(t) = (1 -fpt + pt2)/(1 - t)( 1 - pt), (1.6) 
where& is the trace of the Frobenius F, . f, = 1 $- p - N, where N, is 
the number of points on C which are rational over Z/p. The Riemann 
hypothesis for elliptic curves over finite fields says that the roots of 
I - ,fDt 1 pt2 have absolute value P’/~. This implies that 
-2p1/2 <f, < 2p’l2. (1.7) 
Given a prime p, let ( /p) denote the Legendre symbol with respect to 
p. We can expressf, with the help of the Legendre symbol as follows. 
THEOREM 1.2. Let C be an elliptic curve dej?ned over Q given by the 
equation Y2 = X3 + a,X + a6 with a,, , a, EZ. Let p be a prime such that 
C has good reduction module p. Then 
f, = - C W3 + ad + a31d. (1.8) 
imod P 
Among other things, Theorem 1.2 is extremely useful for computing 
examples. 
The connection between f, and the Hasse invariant is given by the 
following result. 
THEOREM 1.3 (Manin). Let C be an elliptic curve defined over Q and p 
a prime where C has good reduction. Then 
G1 = f, (mod PI, (1.9) 
i.e., the Hasse invariant C,-, of C and the trace,fV of the Frobenius at p are 
congruent modulo p. 
A proof may be found in either Manin [6] or Honda [4, 51. 
One of the important consequences of this is that, combined with the 
64dS/4-3 
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Riemann hypothesis, it allows one to read off the value off, and thus N, 
from the value of the Hasse invariant for almost all primes p. 
COROLLARY 1.4. Let C be an elliptic curve over Q and p a prime where 
C has good reduction. 
(1) Ifp > 5, then f, = 0 a f, = 0 (mod p). 
(2) Zfp > 7, thenf, = 1 o&,= 1 (modp). 
(3) Jf p >, 17, then f, and N, are uniquely determined by the Hasse 
invariant. 
Proof. (1)Ifp~5,then2p1/2<p,soJf,) <p. 
(2) If p > 7, then -(p - 1) < ~JJI/~ <f, < 2p112 < (p - 1). 
(3) If p > 17, then 2~~12 <p/2. Thus -p/2 < -2~~1~ <f, < 
2p1i2 <p/2, and so f, (and hence also N,) is uniquely determined by its 
residue class modulo p. 
Remark. That part (1) does not hold forp < 5, may be seen by looking 
at Y2 = X3 - X + 1 for p = 3. That part (2) does not hold for p < 7, is 
shown by considering Y2 = X3 + 3X forp = 5 where f, = -4. That part 
(3) does not hold for p < 17, may be seen by examining the two curves 
Y2 = X3 + X and Y2 = X3 + 7 over Z/13 which have f, = -6 and 
f, = 7, respectively. 
DEFINITION. Let C be an elliptic curve defined over Q. A prime p is 
called anomalous for C if C has good reduction at p and f, = 1 (mod p). 
That such primes are of considerable interest is indicated by Mazur’s 
results [17]. Part (2) of Corollary 1.4 above is just [7, Lemma 5.14, 
part (iii)]. 
2. CURVES OF THE FORM Y2 = X3 + a,X 
Throughout this section we assume that C is an elliptic curve defined 
over Q by Y2 = X3 + a,X with a, E Z. These curves admit complex 
multiplication by i = (-1)1/2. They have been studied at considerable 
length by Davenport and Hasse in [l]. 
THEOREM 2.1. Assume C has good reduction at the prime p, p > 5. 
(1) Ifp+l(mod4),thenf,=OandN,=p+l. 
(2) If p = 1 (mod 4), then f, z (2) a,” (modp) for p = 4n + 1, 
and hence f, + 0 (mod p). 
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(3) Ifp z 1 (mod 4) and p > 5, then f, # 1, -1 and hence f, f 1, 
- 1 (mod p). 
Proof. By Theorem 1.2, 
.fD = - 2 ((f” + %WP> = -WP) -,,F-‘., w3 + WYPI 
tmodn 
-= -~ o- t<ge1),2 KG3 + 42)/P) + (t-t3 - 4f>/P>l 
. 
Let 
= - o<t<~-l),2 [(l + (-l/P>>((t3 + %tYPN 
= (1 + cc--llP)N[ - c 
O<tsgP-l)/z 
(U” + %Wd] . 
s = - c (0” + 40/P). 
O<tg(P-l)p 
Thenf, = (1 + (-l/p)) S, Ifp Z$ 1 (mod 4), then (-l/p) = -1 and so 
f, = 0, hence (1). Assume now that p = 1 (mod 4). By Deuring’s 
formula and Manin’s theorem, ,f, ES (F) aq” (modp). Since C has good 
reduction at p, a3 f 0 (modp). Thus f, + 0 (mod p), and hence (2). If 
p G 1 (mod4), then (-l/p) = 1 and f, = (1 + (-l/p)) S = 2S, so 
f, f 1, - I. If p > 5, then f, + 1, -1 (mod p) by Corollary 1.4, part (2). 
COROLLARY 2.2. If p # 5, then p is not an anomalous prime ,for C. 
p = 5 is an anomalous prime for C o a4 = 3 (mod 5). 
Proof. If p is anomalous for C, then p must be 5 by Theorem 2.1. 
Using Theorem 1.2, we can check the four different nonzero residue 
classes modulo 5 and we obtain a4 s 1 =-f,, = 2, a4 = 2 1 f, :- 4, 
a4 G 3 3 f, = -4, and a, = 4 2 f, = -2. 
A rather amusing result in elementary number theory is the following. 
COROLLARY 2.3. Let p = 1 (mod 4) be a prime with p =L: 4n i 1. Let 
a E 2! be such that a f 0 (modp). Then (y) a” + 0, 1, - 1 (mod p), 
unless p = 5 and a = 3 (mod 5) (so that (Z,n) an = 1 (mod p)) or p z= 5 and 
a E 2 (mod 5) (so that (7) an = -1 (modp)). Zn particular, m + 
0, 1, -1 (modp). 
For p = 4n + 1, we have seen that modulo p, f, is given by (2) a,“. The 
endomorphism at+ a” of the cyclic group (H/ph)* has n elements in its 
kernel (the roots of X” - 1) and its image consists of four elements, 
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namely the nth power residues modulo p (the roots of X4 - I). Thus there 
are exactly four possibilities for the value off, modulo p, namely those 
corresponding to the four different nth power residues multiplied by (2) 
modulo p. One also sees that (y) can never be a fourth root of 1 modulo p 
forp > 5. 
PROPOSITION 2.4. Let p = 4n + 1 be a prime. Then (p) = 2 + 4s 
with -2p112 -C 2 + 4s -C 2p1i2. 
Proof. Consider the curve C given by Y2 = X3 + X.f, = (F) (mod p). 
C has four points in the kernel of multiplication by 2 rational over Z/pZ. 
Thus 4 / N, . f, = 1 + p - N, implies that 2 ] f, but 4 f f, . Write 
f, = 2 + 4s. By the Riemann hypothesis -2p1f2 < 2 $ 4s < 2p112. 
The standard application of complex multiplication to the curve C 
proceeds as follows: Let i = (-1)lj2. i is a primitive 4th root of 1. The 
elliptic curve C admits complex multiplication by i, and the endomor- 
phism ring of C is Z[i], the ring of integers in Q(i). If p = I (mod 4) and 
we have good reduction at p, then the Hasse invariant is nonzero at p by 
Theorem 2.1 and thus the endomorphism ring of C over Z/pZ is Z[i]. If F, 
denotes the Frobenius at p, then F, is a root of the characteristic poly- 
nomial X2 - f,X + p and F, E Z[i]. We have X2 - f,X + p = (A’ - FJ 
(X - F,) = X2 - (F, + Fi,) X + F,F’, and so 
and 
P =F&,, (2.1) 
f, =F, i-p,. (2.2) 
In the ring of Gaussian integers Z[i], one has a complete knowledge of 
the factorization of primes. Z[i] is principal, and the group of units is 
cyclic of order 4 consisting of I, - 1, i, -i. Given a prime p = 1 (mod 4), 
p can be factored as p = ~5 with rr and ?T irreducible in Z[i]. They are 
uniquely determined up to a unit. Thus F, can be written as either i7rr or 
iT6 with 0 < r < 3. If F, = irrr, then F, = i4-7S. There are only four 
possibilities for f, , namely {i’r + i4-% I 0 d r < 3) for a given choice 
of V. This agrees with our previous result that there are exactly four 
possibilities for f, corresponding to the nth power residue classes modulo 
p, Fix a primitive root 01 modulo p, p = 4n + 1. Let x : (Z/pZ)* -+ C* be 
the modular character given by x(&) = exp(2mk/4) for c E Z. Write a, = 
ac (modp) with 0 < c < p - 1. Then x(a,) = ~(a~) = exp(2nic/4) = 
(exp(2k/4))c = i0. If we normalize the choice of 7r such that (2) = 
-n - 7j (mod p), then f, = -i% - i4-?? = -+a,) 7~ - z(a4) ii. x is 
just the fourth power residue symbol. Our choice of n agrees with the 
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usual one in the theory of power residue symbols, namely 7r = 75 = 1 
(mod(2 + 29). As a corollary, we obtain the following classical result of 
Davenport and Hasse [I]. 
COROLLARY 2.5 (Davenport-Hasse). (1) Ifp = 3 (mod 4) then N, = 
p + 1. 
(2) Ifp = 1 (mod 4), then N, = p + 1 + ~(a~) r + ~(a,) 5. 
EXAMPLE. Let p = 13, so p = 4n + 1 for n = 3. Let C be defined by 
Y2 = X3 + 2X. Thus a4 = 2.2 is a primitive root modulo 13, so ~(a~) = i, 
~(a*) = --i. rr = 3 + 2i and ii = 3 - 2i are the normalized choices of z 
and ii such that 7~ = ii = 1 (mod 2 + 2i). (2) = (3 = -6 = -T - 5. 
Corollary 2.4 implies that N, = p + 1 + ~(a,) n + ~(a,) 5 = 13 + 1 + 
i(3 + 2i) + (-i)(3 - 2i) = 10. Thusf, = 1 + p - N9 = 4. Theorem 2.1 
yields f, = (“,“) a,” = (i) 23 = 4. We could also have computed f, by 
means of Theorem 1.2. 
3. CURVES OF THE FORM Yz = X3 + a6 
Throughout this section we assume that C is an elliptic curve defined 
over Q given by Y2 = X3 + a, with a, E Z. Such curves admit complex 
multiplication by a primitive third root of 1. One reason for considering 
these curves is that they provide an interesting example of the phenomenon 
of anomalous primes. 
PROPOSITION 3.1. Assume C bus good reduction at the prime p, p Z 5. 
(I) Ifp + 1 (mod 6), then f, = 0 and N, = p + 1. 
(2) Ifp = 1 (mod 6), thenf, # 0 undf, + 0 (modp). 
(3) Ifp E 1 (mod 6), then f, 5 (",") uBn (mod p), where p = 6n + 1. 
Proof. (1) If p + 1 (mod 6), then 3 f (p - 1). The endomorphism 
t H t3 of the cyclic group (Z/pZ)* is an isomorphism and t ++ t3 + a, is a 
bijection from Z/@ onto itself. Thereforef, = - Ct mod D ((P + a,)/~) = 
-z tmod9Ct/p)=O.N,=p+l--f,=p+l. 
(2) If p = 1 (mod 6), then 3 j(p - 1) and t F+ t3 gives an endo- 
morphism of (Z/pZ)* with a kernel of order 3 and whose image is a 
subgroup of index 3. Let S be a set of coset representatives for the kernel. 
We have 
J, = - tm;x) Kt3 + %)/P) = -(%/P) - 3 1 ((t3 + G/P)* (3.1) 
tcs 
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Since C is assumed to have good reduction at p, a, f 0 (modp) and 
(a,/p) = f 1. If& = 0, then (3.1) implies that 3 I(a,/p), which is nonsense. 
Thereforef, # 0. Corollary 1.4, part (I), implies thatf. f 0 (mod p). 
(3) By Deuring’s formula and Manin’s theorem, .f, = (p) aen 
(mod P). 
Remark. In the proof of Proposition 3.1, we could have proved (2) 
more easily by using (3). However, we will later have use for formula (3.1) 
which we derived above. 
COROLLARY 3.2. Assume C has good reduction at the prime p, p 3 5. 
(1) If a, is a square or -3 times a square, then f, # 1 and.f, + 1 
(mod p), and C has no anomalous primes. 
(2) If a6 is a cube, then f, # 1, - 1 andf, + I, - 1 (mod p), and C 
has no anomalous primes. 
Proof. If p + 1 (mod 6), then f, = 0 by Proposition 3.1, part (1). We 
may therefore assume p E 1 (mod 6). By formula (3.1), we have f, = 
-(a&) - 3 CtpS ((t3 + a&/p). If a, is a square or -3 times a square, then 
(a,/p) = 1 since (-3/p) = 1 if p = 1 (mod 6) (cf. [3, p. 751). Thus 
f, = -1 - 3 CtsS ((t” + u&/p) and f, # 1. By Corollary 1.4, part (2), 
f, + 1 (mod p) either. Thus (1) is proved. If a, is a cube, then -a, is a cube 
and there exists t E S such that t3 + a, = 0. If p = 6n + 1, S has 2n 
elements, so the sum & ((t3 + a,)/p) is a sum of 2n - 1 terms equal to 
either - 1 or 1. The sum must therefore be an odd integer and hence not 0. 
f, = -(a,/~) - 3 Ctes ((t3 + aJp) cannot be 1 or -1. By arguing as in 
Corollary 1.4, f, + 1, -1 (modp) either. Thus (2) is proved. 
The preceding corollary shows that for purposes of finding anomalous 
primes, one should at least begin by assuming that a8 is neither a square, 
-3 times a square, nor a cube. However, by looking at Y2 = X3 + 1, we 
obtain some results concerning elementary number theory. 
PROPOSITION 3.3. Let p be a prime such that p = 1 (mod 6) with 
p =6n + 1. 
(1) (“,“) + 0, 1, -1 (mod& 
(2) (“,“> = 2 + 6s (modp) with -2p112 < 2 + 6s < 2p1i2 and s E Z. 
(3) In particular, (i) -p < 2 + 6s <p; 
(ii) --(p1i2 + I)/3 < s < (p1i2 - 1)/3; 
(iii) I s ) <p1i2/3 + l/3. 
(4) 2 I(n - s); i.e., n and s have the game parity. 
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Proof. Let ua = 1. 
(1) Apply Proposition 3.1 and Corollary 3.2. 
(2) As in the proof of part (2) of Corollary 3.2, we see that &S 
((t3 + 1)/p) is an odd integer. Write it as -2s - I. Formula (3.1) implies 
that ffl = -(l/p) - 3 J&S ((t3 + 1)/p) = -1 - 3(-2s - 1) = 2 + 6s. 
The Riemann hypothesis (1.7) gives If, 1 < 2p112, i.e., (2). 
(3) An easy consequence of (2). 
(4) Since 6 I(p - l), the polynomial ts - 1 = (t3 - l)(t3 + 1) has 
six roots in Z/pZ. There are three roots for t3 + 1, and this gives us three 
nontrivial points of order 2 on C over Z/pZ. Thus 4 I N, . N, = 1 + 
p--f~=+(6n+1)-(2+6s)=6(n-s). Hence 4/6(n-3s) and 
2 i(n - s). 
We are interested in studying anomalous primes, i.e., primes p where C 
has good reduction and where f, = 1 (modp). We have seen in Propo- 
sition 3.1, that p = 1 (mod 6) is a necessary condition. Write p = 6n + 1 
and use the previous notation of this section. p is an anomalous prime for 
C -=> (2) aGn E 1 (modp), Since ooth uBn and 1 are nth power residues 
module p, (y) must also be an nth power residue jn order for p to be 
anomalous for C. This is equivalent to requiring that (y)6 = 1 (mod p), 
i.e., that (“,“) is a root of X6 - 1 E 0 (mod p). 
EXAMPLE. It is not always true that (“,“) is an nth power residue. 
Let II = 2, p = 13. Then (“,“) = (3) = 15, so (F) = 2(mod 13) and 
(2)” = 26 2 -1 (mod 13). 
We are therefore interested in determining when (2) is an nth power 
residue, i.e., when (2) is a sixth root of 1 modulo p. X6 - 1 = (X3 $- 1) 
(X3 - 1) = (X + 1)(X2 - X + 1)(X - 1)(X2 + X + 1). We know that 
(Fn) + 1. --I (modp) f rom Proposition 3.3. The only possibilities for 
(“,“) to be a sixth root of 1 are that (2) be a root of either F,(X) = X2 ~- 
X + 1 (i.e., a primitive sixth root of 1) or F,(X) = X2 + X i 1 (i.e., a 
primitive third root of 1). Both cases can occur as the following examples 
show. 
EXAMPLES. (1) Let n = 12, p = 73. Then ($j) satisfies the equation 
F,(X) = 0 (mod p). One may check ?his by using Proposition 3.4 below 
with s = 1. 
(2) Let n = 1, p = 7. Then (2) = (3 = 3 satisfies the equation 
F,(X) = 0 (mod p). 
PROPOSITION 3.4. Let p = 6n + 1 be a prime, p # 7, 13. Write 
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(p) E 2 + 6s (modp) with -2p1f2 < 2 + 6s < 2p112 as in Proposition 3.3. 
Then the following conditions are equivalent. 
(1) (“,“) satisjies F,(X) = 0 (mod p); 
(2) (“,“) is a primitive third root of 1 module p; 
(3) 369 + 30s + 7 = 0 (modp); 
(4) p = 36s2 + 30s + 7. 
Proof. (1) 0 (2): Clear. 
(1) o (3). (“,“> = 2 + 6s (modp), so 
F, ((F)) z (z)’ + (v) + 1 = 0 (modp) 
o (2 + 6~)~ + (2 + 6s) + 1 = 0 (mod P) 
o 36s2 + 30s + 7 = 0 (mod P). 
(4) 5 (3) : Clear. 
(3) a (4) : For all integer values of s, 36s2 + 30s + 7 is positive. If 
36s2 + 30s +- 7 G 0 (modp), write 369 + 30s + 7 = rp with r a positive 
integer. We have 36s2 + 30s + 7 = rp = r(6n + 1) = 6rn + r. Com- 
puting modulo 6, we obtain r E 1 (mod 6). We claim that r = 1 and this 
will finish the proof. If r # 1, then r > 7 and 36.9 + 30s + 7 > 7p. 
Using the inequality -(~l/~ + 1)/3 < s < (p1j2 - 1)/3 from Proposition 
3.3, part (3) (ii), we obtain 36s2 + 30s + 7 < 36((p112 + 1)/3)2 + 30 
((~112 - 1)/3) + 7 < 4(p1j2 + 1)” + 10(p1i2 - 1) + 7 < 4p + 18~+/~ + 1. 
TABLE I 
n P (3 (3 mod P (“,“>” mod p 
1 7 3 -4 1 
2 13 15 2 -1 
3 19 84 8 1 
5 31 3003 -4 4 
6 37 18564 -10 1 
If p > 37, then 4p + 18~~12 + 1 < 7p, so that 36s2 + 30s + 7 < 7p. 
Thus r = 1 unless p < 37. Checking the cases for p < 37 with the help 
of Table I, we discover that only p = 7 and p = 13 need be excluded. 
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Remark. Note that we have not proved that if p is a member of the 
quadratic progression 36x2 + 30x + 7 (and p # 7, 13), then (2) is a 
primitive third root of 1. 
We are however, much more interested in the case where (2) is a 
primitive sixth root of 1 as the following proposition indicates. 
PROPOSITION 3.5. Let p = 6n + 1 be an anomalous prime for the 
elliptic curve C given by Y2 = X3 + a, . Then (2) must satisfy F,(X) = 0 
(mod p), i.e., (2) must be a primitive sixth root of 1, 
Proof. If p is an anomalous prime for C, then (2) a,‘” = 1 (modp). 
Raising both sides to the sixth power, we see that (“,“) must be a sixth root 
of 1. (2) f 1, - 1 (modp) by Proposition 3.3, so (y) must satisfy either 
F,(X) z 0 (mod p) or F,(X) = 0 (modp). If (7) satisfies F,(X) = 0 
(modp), then (c)3 = 1 (modp), so 2: = 1 (modp), i.e., a, is a quadratic 
residue modulo p. As in the proof of Corollary 3.2, f, = -(a,,/p) - 3 
CtES W3 + adip) = --I - 3 Ct.s CO3 + a&4 and so.& f 1 and& + 1 
(mod p). Thus (T) must satisfy F,(X) E 0 (mod p). 
THEOREM 3.6. Let p = 6n + 1 be a prime, Write (2) = 2 + 6s 
(modp) with -2p1i2 < 2 + 6s < 2p112 as in Proposition 3.3, Then the 
following conditions are equivalent. 
(1) (2) satisfies F,(X) = 0 (mod p); 
(2) (2) is a primitive sixth root of 1 module p; 
(3) 12s2 + 6s + 1 = 0 (mod p); 
(4) p = 12s2 +6s + 1. 
Proqf (1) 0 (2): Clear. 
(1) 0 (3) : (F) = 2 + 6s (modp), so 
FI ((z)) = (z)’ - (z) + 1 = 0 (modp) 
9 (2 + 6~)~ - (2 + 6s) + 1 = 0 (mod P) 
9 (2 + 6~)~ - (2 + 6s) + 1 = 0 (mod P) 
o 36s2 + 18s + 3 E 0 (mod P> 
+ 12s2 + 6s + 1 sz 0 (mod P>- 
(4) * (3) : Clear. 
(3) =S (4) : For all integer values of s, 129 + 6s + I is positive. If 
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12s2 + 6s + 1 = 0 (modp), write 12s2 + 6s + 1 = rp with r a positive 
integer. We have 12s2 + 6s + 1 = rp = r(6n + 1) = 6rn + r. Computing 
modulo 6, we obtain r = 1 (mod 6). We claim that r = 1, and this will 
finish the proof. If r # 1, then r >, 7 and 12s2 + 6s + 1 > 7p. Using 
Proposition 3.3, we obtain 
12s2 + 6s + 1 < 12((1/3)(~~/~ + 1))” + 6((1/3)(p1j2 - 1)) + 1 
< (4/3)(pl/2 + 1)2 + 2(p1/2 - 1) + 1 
d (4/3)P + (14/3)P1’2 + l/3 
< 7p. 
Contradiction, so r = 1. 
Remark. We have not yet shown that if p is a member of the quadratic 
progression 12x2 + 6x + 1, then (2) is a primitive sixth root of 1. How- 
ever, we will show that this is indeed the case in Theorem 3.10 below. 
The only primes which can be anomalous for an elliptic curve C given 
by Y2 = X3 + a, are those of the form p = 12s2 + 6s + 1. Mazur 
[7, p. 1871 showed that if p is an anomalous prime for the curve C, then a 
necessary condition is that p be’of the form (3h2 + 1)/4 with h E h. We can 
easily determine the relationship between h and S. 
PROPOSITION 3.7. Let p = 6n + 1 = 12s2 + 6s + 1 = (3h2 + 1)/4. 
Then 
(1) n = 29 + s; 
(2) h2=Sn+1; 
(3) h2 = 16s2 + 8s + 1 = (4s + 1)2. 
Proof. Elementary algebra. 
LEMMA 3.8. Let p = 12s2 + 6s + 1 be a prime. The two solutions to 
F,(X) E 0 (modp) are 2 + 6s and -6s - 1; these are the 2 primitive 
sixth roots of 1 module p. 
Prooj: Just substitute 2 4 6s and -6s - 1 in Fl(X). 
We shall now use the fact that an elliptic curve C given by Y2 = X3 + a, 
admits complex multiplication by a primitive third root of 1. This will 
provide us with a proof that a sufficient condition for (2) to be a primitive 
sixth root of 1 is thatp belongs to the quadratic progression 12s2 + 6s + 1. 
In addition, we can study such primes more closely to determine condi- 
tions on a, with respect to p in order that p be an anomalous prime for C. 
Let [ = (+)(l + (-3)““). E is a primitive sixth root of 1. f2 = (4)(-l + 
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(-3)1/z) is a primitive third root of 1. The field extensions Q(e), Q(ee), and 
Q((-1)1/2) coincide. The ring of integers is Z[.$z] = E[[] = (a + bt / 
a, b E Z}. Assume now that C has good reduction at p with p = 6n + 1. 
The Hasse invariant at p is nonzero by Proposition 3.1. The endomorphism 
ring of C over Z/pi? is Z[f]. If FP denotes the Frobenius at p, then F, is a 
root of the characteristic polynomial X2 -f,X + p and FP E Z[f. 
X2-f,X+p =(X-FF,)(X-FF,) =X2--F, +F,)X+F,&. 
We have 
and 
P ===F&, (3.2) 
f,=Fpi-F,. (3.3) 
Now p = 1 (mod 6) implies that p splits in h[c]. Z[Q is principal and the 
group of units is cyclic of order 6 consisting of the powers of c. Given a 
prime p = 1 (mod 6), p can be factored asp = ~Tii with 7~ and 7j irreducible 
in Z[t]. They are uniquely determined up to a unit. Thus F, can be written 
as either 57~ or pii for 0 G I < 5. There are exactly six possibilities for 
f namely {en + [“-‘i; / 0 < Y < 6). This agrees with the fact that 
f: ‘E (2) a6n (mod p), and the six possibilities forf, are determined by the 
six possible values of the nth power residues modulo p. Fix a primitive 
root 01 modulo p. Let x : (Z/pi?!)* -+ @* be the modular character given by 
x(c8) = exp(2nic/6) = (exp(27ri/6))c = EC. Write a, = c8 (modp) with 
0 < c <p - 1. Then x(a,J = X(c8) = 5” is just the sixth power residue 
symbol. If we normalize the choice of rr such that (3,n) = -r - ii (mod p), 
then,f, = -~(a& rr - ~(a~) 77 = -&r - t6-%?. 
THEOREM 3.9. Let C be an elliptic curve given by Y2 = X3 + a6 . 
Assume that C has good reduction at p. 
(1) Jfp + 1 (mod 6), then N, = p + 1. 
(2) If p = I (mod 6), then N, = p + 1 + ~(a,) 7~ + x(4 f. 
EXAMPLE. Let n = 2, p = 13. Let C be given by Y2 = X3 + 2, so 
that a2 = 2. 2 is a primitive root modulo 13, so ~(a,) = t, ~(a,) = 5”. 
p = (I - 4()( -3 + 4f). n = 1 - 4.$ and 7?: = -3 + 45 are such that 
(T) z 2 = --n - ii. Theorem 3.9 implies that N, = p + 1 + ~(a~) 
7~ + n(as) 6 = 13 + 1 + E(l - 45) + f5(-3 + 45) = 19. Thusf, = 1 + 
p - N, = -5. By Proposition 3.1, we should have f, = (2) us" = (i) 
22 z -5. One may also obtain the same result by using Theorem 1.2. 
We can now apply these results to the curve Y2 = X3 t 1. 
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THEOREM 3.10. Let p = 6n + 1 be a prime. Then ez) is a primitive 
sixth root of 1 module p o p is of the form 129 +- 6s + 1 with s E Z. In 
this case {“,“> = 2 + 6s (mod p). 
ProoJ (-) This implication has already been proved in Theorem 3.6. 
( 0 Assume p = 129 + 6s + I for s E Z. We want a factorization of 
p in Z[[]. Let 7~ = -(4s + 1) + (2s) 5 and + = -(2s + 1) - (2s) 4 
p = R-G? and 7 + 75- = -6s - 2. We can now compute the possible values 
for f, by computing prr + [“-*i; for 0 < r < 6. These values are listed 
in Table II. From Proposition 3.3, we know that (2) I 2 + 6t with 
t E Z and -2p1/2 < 2 + 6t < 2p112. Since (T) modulo p gives the Hasse 
invariant for the curve Y2 = X3 + 1, (“,) modulo p takes on one of the 
values for f, given in Table II. The only possibility is s = t. Thus (“,“) = 
2 + 6s (modp). By Lemma 3.8, this is a primitive sixth root of 1 modulop. 
TABLE II 
0 -f4s + 1) + cwl -42s + 1) - Wl -6s-2 
1 -(2s> - (2s + 01 --(4x + 1) + (2s + 118 -6s-1 
2 (2s + 1) - (4s + l)h -(2s) + (4s + 115 1 
3 (4s + 1) - (W (2s + I> + Wl 6s + 2 
4 (2s) + (2s + 111 (4s + 1) - (2s + 1x 6s + 1 
5 -(2s + 1) + (4s + 1M (2s) - (4s + 1x -1 
COROLLARY 3.11. Let C be an elliptic curve given by Y2 = X3 + a, . 
Assume that C has good reduction at p. Then p is anomalous for C e 
(1) there exists s E Z such that p = 12s2 + 6s + 1, and 
(2) as* EG -6s - 1 (modp) with n = 29 + s. 
Proof. (a) Proposition 3.1 implies that p = 1 (mod 6). Write p = 
6n + 1. Proposition 3.5 implies that (2) must be a primitive sixth root of 
1 modulo p. Theorem 3.10 gives the existence of s E Z such that p = 129 + 
6s + 1 and that (2) = 2 + 6s (modp). If p is anomalous, then f, = 
(“,” a,* = 1 (modp) =+ a,” = (“,“)-l = (2 + 6s)-l = -6s - 1 (modp). 
(c)f, = (2) a,” = (2 + 6s)(-6s - 1) = 1 (modp). 
Remark. Part (2) in Corollary 3.11 is equivalent to saying that x(a,J = 
exp(2ri5/6). 
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4. ANOMALOUS PRIMES FOR CURVES WITH COMPLEX MULTIPLICATION 
Throughout this section we assume that C is an elliptic curve defined 
over Q which admits complex multiplication, i.e., its ring of endomor- 
phisms is an order in the ring of integers in a quadratic imaginary extension 
of Q. We shall prove four main results here, all dealing with anomalous 
primes for the curve C. 
Let Q(m1i2) with m < 0 and m square-free be the field of complex 
multiplication for C. Let A be its ring of integers. The endomorphism ring 
of C, End(C), is a subring of A of finite index and may be written as 
R, = 7 +fA for f a uniquely determined positive integer. f is called the 
conductor of End(C) in A. Let p be a prime where C has good reduction, 
and assume that the Hasse invariant at p is nonzero. If F,, is the Frobenius 
at p, then F, is a root of the characteristic polynomial X2 - f,X + p and 
F>, E R, . Thus X2 - f,X + p = (X - F,)(X - F,) = X2 - (F, $- F,) 
x f F,F, . 
As usual we have 
and 
P = F$, , (4.1) 
f,=F,+&,. (4.2) 
This means first of all that p is spiit in the extension Q(m’/“). Since C is 
defined over Q, its j-invariant is an element of Q and R, must have class 
number 1. There are precisely 13 such R,‘s (cf. Serre [9]). The group of 
units in Q(m1i2) is finite and cyclic. Let r be its order; r is either 2, 4 or 6. 
The number of factorizations (4.1) is r, and so the number of possible 
values for f, in (4.2) is r. In Section 2, we considered in detail the case 
j = 2633 for such curves are of the form Y* = X3 + a,X. In Section 3, we 
consideredj = 0 where Y2 = X3 + as . 
THEOREM 4.1. If m = 2 or 3 (mod 4), then C has no anomalous primes 
with the,following two exceptions. 
(I) p = 3, m = -2, f = 1, and C is qf the form Y2 = 
X(X2 - 4DX + 2De) with D E -1 (mod 3). 
(2) p=5,m=-l,f=l,andCisofthe.,form Y2=X3+a4X 
with a4 = 3 (mod 5). 
Proof. Since m = 2 or 3 (mod 4), A = Z[m’l*] = {s + trnl/* j s, 
t o Z>. Let Rf = E + fA be the endomorphism ring of C. Let p be an 
anomalous prime for C. Write p = TG with r = a + fr, a E Z, r E A. Let 
r = s + tml’*. 7~ = a + fr = a + f(s + tm1i2) = (a + .fi) + ftml’” and 
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77 = (a + fs) - ftm112. p = 76 = (a + fs)” - f2t2m. f, = rr + 7j = 
2(a +fs). Thus f, # 1. If p > 7, then f, + 1 (modp) by Corollary 1.4, 
and p is not anomalous. We may thus assume that p < 7. If p = 2, then 
& = 0 (mod p), so 2 is not anomalous. Assume p = 3, We have 
3 = 7~s = (a + fs)” - f Vm. (4.3) 
What are the possible values in (4.3)? By the Riemann hypothesis, -4 < 
-2p1j2 <f, < 2p1iz < 4, so that f, = 2(a +fs) must be equal to -2 in 
order that f, = 1 (mod p). Hence a + fs = -1. Thus (4.3) becomes 
3 = (-1)2 - f2t2m = 1 - f2t2m or 2 = -f 2t2m. This is possible only 
if f = 1, m = -2, t2 = 1. So t = *l and 3 = (-1 + (-2)‘12)(-1 - 
(-2)‘/“) is the only possible factorization. Curves with f = 1 and m = -2 
can be put in the form Y2 = X(X2 - 4DX + 203 (cf. [8]). If 3 is to be 
anomalous, then D + 0 (mod 3). Checking the two cases D = &I 
(mod 3) and counting the number of points NP in each case gives D = -1 
as a necessary and sufficient condition. Assume now that p = 5. We have 
5 = 7~77 = (a + fs)” -f 2t2m. (4.4) 
What are the possible values in (4.4)? By the Riemann hypothesis, -5 < 
-2p112 <f, < 2p112 < 5, so that f, = 2(a + fs) must be equal to -4 in 
order that f, = 1 (modp). Hence a + fs = -2. Thus (4.4) becomes 
5 = (-2)2 - f 2t2m = 4 - f2t2m or 1 = -f2t2m. This implies that f = 1, 
m = -1 and t2 = 1. t = f 1. The only possible factorization is 5 = 
(-2 + (-1)1/2)(-2 - (-I)‘/?. The only curves with f = 1, m = -1 
are those of the form Y2 = X3 + a,.%’ which we studied in Section 2. 
Corollary 2.2 shows that p = 5 is anomalous for such a curve + a, = 
3 (mod 4). 
THEOREM 4.2. If m z 1 (mod 4) andf is the conductor of End(C) in A, 
then all the anomalous primes for C are members of the quadratic progression 
K-mf2) t2 + 11/4. 
Proof: Since m = 1 (mod 4), 1 and ($)(I + m1/2) form an integral 
basis for A, i.e., A = (s + (t/2)(1 + m1i2)1 s, t E Z}. Let R, = Z + fA be 
the endomorphism ring of C. Let p be an anomalous prime for C. Then 
p = n+F with TT = a + fr, a EZ, r E A. Let r = s + (t/2)(1 + m1/2). Then 
in = a + fr = (a + fs + (ft/2)) + (ft/2) rn1j2 and 5 = (a + fs + (ft/2)) - 
(ft/2) m112. We have 
p = ~77 = (a + fs + (ft/2))2 -f 2t2m/4, (4.5) 
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and 
f, =2a +2fs tft. (4.6) 
If fa = I, then a + fi + (B/2) = l/2 and p = l/4 - f 2t2m/4 = [( -mf”) 
t2 + 1]/4. If p is anomalous and p > 7, thenf, = 1 by Corollary 1.4. We 
may assume that p < 7. If p = 2 is anomalous, then the Riemann hypo- 
thesis implies that either f, = 1 or f, = -1. In either case, (a +fi + 
(fr/2))2 = I/4 and p = l/4 - f2t2m/4. If p = 3 is anomalous then either 
f, = 1 orfP = -2. The case,f, = 1 is O.K. 
Suppose f, = -2. Then 3 = p = 1 - (f 2t2m/4), or 2 = -f 2t2m/4, or 
8 = -f 2t2m. But m = 1 (mod 4) and m < 0 implies that this is impos- 
sible. If p = 5 is anomalous, then either f,, = 1 or f, = -4. The case 
f, = 1 is O.K. If f, = -4, then 5 = p = 4 - ( fzt2m)/4, or 
1 = -f2t2m/4, or 4 = --f2t2m. But m z 1 (mod 4) and m < 0 implies 
that this is impossible. 
COROLLARY 4.3. If the conductor f of End(C) in A is even, then C has 
no anomalous primes. 
Proqfi If m = 2 or 3 (mod 4), we need only consider the two excep- 
tions in Theorem 4.1, and they both have conductor f = 1. If m = 1 
(mod 4). then an anomalous prime p for C must be of the form p = 2 - 
(f2t2m)/4 according to Theorem 4.2. If f is even, write ,f = 2fl for some 
fi E Z. Then p = $ - (4h2t2m)/4 = $ -h2t2m. which is nonsense since 
p and,f13t2m are integers. 
COROLLARY 4.4. Zf m = 1 (mod 8), then C has no anomalous primes 
with the following exception: m = -7, p = 2, andf = 1, and C must have 
good reduction at p = 2 and have a nontrivial point of order 2 over 2122. 
Proof. Let p be an anomalous prime for C. By Theorem 4.2, p = 
l/4 - (f2t2m/4). 
Reasoning as in Corollary 4.3, we may assume bothf’and t odd. Assume 
p is odd withp=2p,+l. Writef=2f1+1,t=2t,+l, and m= 
8m, + 1. f2 = 4(f12 + fi) + 1 and t2 = 4(t12 + t,) + 1. fi2 + fi is 
always even, and so is t12 + t, . Thus f2 = 1 (mod 8) and t2 = 1 (mod 8). 
4p = 1 - .f2t2m (mod 8), so 4 = 4(2p, + 1) = 1 - f2t2m = 1 - 1 F: 0 
(mod 8). This is a contradiction, so p must be equal to 2. Then we have 
8 = 4p == 1 - f 2t2m with m = 1 (mod 8), m < 0,f and t odd and nonzero. 
Thus 7 == -f2t2m. The only possibility is f = 1, m = -7, t2 = 1. p = 2 
is anomalous if and only if C has good reduction at p = 2 and f, is odd. 
Since f, = 1 + p - N,, , f, is odd if and only if N, is even, i.e. if and only 
if C has a nontrivial point of order 2 over Z/22. 
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